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Passive scalar convection by a prescribed random velocity field is represented in terms
of integral equations. Primitive perturbation expansions are constructed by iterating
these integral equation representations as in Kraichnan (1977). First and second itera-
tions of elemental functions within these expansions are assumed quadratically
integrable with respect to space and time. That is, they are assumed to belong to the
space L,. Line-renormalized perturbation expansions are constructed, corresponding
to these primitive perturbation expansions, which converge almost everywhere. The
direct-interaction approximation and the Lagrangian-history direct-interaction
approximation are the simplest truncations of the appropriate line-renormalized
perturbation expansions.

1. Introduction

Kraichnan (1977) has presented a systematic construction of Eulerian and
Lagrangian-history renormalized expansions in turbulence theory. Corresponding
primitive perturbation expansions are similar to solutions of the Volterra integral
equation of the second kind as presented in Tricomi (1957):

9@ =Je)+A [ Key gy @ <o < (L.1)

When the kernel K (z,y) and the function f(x) belong to the class L,, there is one and
essentially one solution in the same class L,. Functions non-zero on only aset of measure
zero are ignored. This solution is given by

() = fiz) - A f " Hwy ) ) dy, (1.2)

where the ‘resolvent kernel’ is
—H{x,y:A) = 20 XK, (2, y),
o=

and the series converges almost everywhere. The iterated kernels are defined as
x

K, (@ y) = f (KA K e)d =123,

Letting K(z, y) = f(y) k(x, y) implies that

f@) = pla)— A f "S) k@ f@)dy O <a<h)
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or in the form of the solution to (1.1),

f@) = (z)— A f “hle.y ) ) dy, (1.3)

where

—h(z,y:A) = 2 NK, (=, y),

K,.@,y) = — f:¢(z) k@) K, (y)de (v=1,2,3,..).

This is an expansion of f(x) in terms of ¢{(z), a reversion of the expansion in (1.2) which
converges almost everywhere.

We construct primitive perturbation expansions as in Kraichnan (1977), and
analogous to (1.2). Reversion expansions are generated as in (1.3), our modification of
the work of Kraichnan (1977). Convergence properties of the consequent renormalized
expansions follow from those of the primitive perturbation expansions and their
reversions,

2. Eulerian renormalization
We consider passive scalar dynamics as defined by

{%—KVZ} U(x,t) = —ux,t).Vy(x,t), V.uxt)=0, (2.1)

where « is a constant diffusivity and u(x, ), a prescribed velocity field whose statistics
are assumed isotropic and stationary. The Green function corresponding to the scalar
field ¥ (x,¢) obeys equations

a 2 R Y AN a A ! ’
{&—KV}@(X,t.X,t)— ~ui(x,t)5a—:-iG(x,t.x,t) (t=1t), (2.2)
Gx,t:x',t) = 8x—x'), (2.3)

summing repeated indices ¢ = 1, 2, 3. This is equivalent to the integral equation

@(x,t:x’,t) GOx,t:x',t") f dsfdyG”xt y,$ ){uk(y, ) Z @(y,s:x’t’)}, (2.4)
p?

wherethespatial integralisdefinite extending over the spatial domain, and GO(x, ¢: X', t')
satisfies

0
—_— 2 0 'Y =
{at KV}G(X,t.X t')=0.

Equation (2.4) is very similar to a Volterra integral equation of the second kind, (1.1).
We ensemble-average (2.2), obtaining

{——KVZ} (x,8:x',¢) <ui(x,t)5§c;@(x,t:x’,t')>, (2.5)

where G(x,t:x',t') = (Q(x,t:x',t' )>. The aim of Eulerian renormalization is to
represent {u,(X,t)(d/0x,) G(x, t:x’,t')> as an expansion in terms of G(x,t:x’,t'), and
thus be able to solve (2.5).
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The iteration solution of (2.4) has the form

]
u;(X,t) pr @(x, t:x',t)
1

11
= u;(X, ) 2 @Ox,t:x',t) —ft’ dsfdy {ui(x, t) a% Ox,t:y, s)}
1

ox

7

0
X {“k(y, 8)6_g/kGo(y’s :x',t’)} ..

Defining the ‘iterated kernel’,

t -~
uy (X, 1) a%i Bx,t:x )= fr dsJ dy {ui(x, t) % Px,t:y, s)}

1

a 1 !
futy, )5 (3,315 >},

or equivalently
0

ui(x’ t) ox.
i

GO(x,t:x',t)

¢ 0 7 Y
= ft’ dedy {ui(x7 t) 'a—xl G?(X, ¢ y. 8)} {uk(y: 8) 5?/—15 G’(I)L~1—j(Y) 8:X, t )} ’

wherejisanyof 0, 1,...,n~1,and

o o 0
— X)) =u, — GO(x,t:x', 1),
3xiG°(x’t x,t") = w(x,t) oz, (x,¢:x',t")

the iteration solution may be written as

ui(x’ t)

u,(X, t)% Gx,t:x',t) =
) 7

k]

- 9 g
0(—1)Jui(x,t)a—xiG‘}(x,t:x Wt

The ensemble average of this is the primitive perturbation expansion,

<ui(x, t)-(%@(x, t:x, t')> = éo (— 1),~< ui(x,t);;;G‘;(x,t:x’, t’)>.
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(2.9)

We seek upper bounds for the terms of each order of this expansion. Given any

functions {(x) and 7(x) in the L, space, the norm is

h
lele = [ e iz <o
and the Schwartzinequality yields
b
a

([ e < [ tards [Cnapa,

(2.10)

where [a, bl may be within [0, k). Assuming G(x, ¢:x', ") and u;(x, ) (9/0x;) GP(x,t: X, 1)

are in the space L, where I = 1, 2 from appendix 1, then

a ! ’ 2
{ui(xa t)-a‘;Gg(X, 1:X',t )}

1
2 2
< f ds f dy {ui<x, T G%(x,t:y,s)} f ds f dy {uk<y,s> 2 Gy, s:x,t)
ox; oYy

<fx, 89, ),



522 W. A. Perrie

setting
2
5,0 = [ds [ay{utx. - Ghx, t:v,9))

’ ? a 7 ’ 2
g(x,t>=fdsfdyfuk<y,s>5;cr“;(y,s:x,t)} .
k

Time integrals are definite, extending over the time domain. Consequently, (2.7) and
(2.10)imply

2 ¢ 2
{ui(x, t)??i_ GUx,t:x/, t’); < flx, t)ft’ dsfdy {uk(y, s) —a—?/;Gg(y, 8:x/, t’)}

< f(x,t)g(x", ¢ ) {F(t) - F(¢')},
where

t
F0-Fe) = [ ds [ayfiz.o
By induction, this may be extended to

2 n—1
(0,0 - Bttt < gty EA=FET Ly 55 )
2 (n—1)!
and in the same manner
a 0} ! 2 1 g {F ’ }’n—2 -
{ui(x,t)a—xiGzn(X,t.X,t)} Sf(x,t)h(x,t ——m)'—— (n = 2, 3, 4,...),

where
hx', t)—fdsfdy{uk(y, ) o AT 8% t)}

This establishes that the expansion in (2.8) is unlformly convergent almost everywhere.
As in (1.3), our reversion of the primitive perturbation expansion of (2.9) is by con-
sidering the iterative solution to (2.4) cast as

0 o A
0 vy’ Yy — B A
3 G(x,t.x,t)—aiG(x,t.x,t)

¢ J A t/j
R ’ 0 .
+ft’dsfdy {uk(y,s) -——-aykG(y, s$:x', ¢ )}—&viG (x,t:y,s).
It follows that
0

0
2 ovx. t-x' - X'
axiG X, t:x,t) = n}}o 8951@ (x,t_.x,t)>, (2.11)

where Gy(x,t:x', t') = @(x,t:x’,t') and
a 4 4 ¢ 3 2 ? a
P Gux, t:x,t') = L dsfdy {uk(y, s)%c@,(y, §:X,¢t )}%@n_l_,(x, L.y, s).

Upper bounds for terms in the expansion of (2.11) may be obtained by setting

alx’, t') = fdsfdy {uk(y,s)—a— Gi(y,s :x',t’)}g,

xt)—fdsfdy{ 1(xt y,s)}
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v(x,t) —fdsfdy{ 2(x t: y,s)}

a0)-4¢) = [ ds[ayaty.o),

whichimply
2 n—
{a%éml(x,t:x’, t’)} < alx', t') fix t)@t)(—lt)')}l (v=123..)
A — n-—2
{5‘% Gon(X, t: X, t’)} < afx’, 1) y(x, ) {(t)(—n_-i;T)}—" (=234 )

Therefore the expansion converges uniformly almost everywhere. We conclude that

- <ui (x, t)%@(x,t:x',t’)>
t 0 /] )
= | ds dy(ui(x,t)uk(y,s))é—G(x,t:y,s)é——G(y,s:x,t)+..., (2.12)
v Z; Y

where (2.11) has been substituted into (2.9) and terms have been rearranged. This is a
renormalized perturbation expansion uniformly convergent almost everywhere.
Neglecting all but the first term is the direct-interaction approximation.

Returning to (2.1) for the scalar field ¥ (x, t), we may posit the equivalent integral
equation

WX, ) = YO, ) — f ds [ ay o(x, £y, ) [ty o 'ﬁ(y, af, @

where

The covariance satisfies
{——KVZ}Q&X DY) = —< (X, 1) 88 Y, )Y, t)>

which is solvable when an alternative expression for {u;(x, t) (9/0x;) Y (x,t) Y (X',¢')) in
terms of {Y(x, ) Y (x',t'))is found.
We proceed from (2.13) as in the analysis of (2.4), and establish the expansion,

(x,1) = j;ﬁo (1A%, 1), Y3, 8) = PO, B),

where
0
vt t) = [ ds [ay 636, t:y,9) oty o) 50 vA-1 (3.9,
and jis any of 0, 1, ..., n— 1. Its reversion is

POt = 34000, Yalot) = YD)

via the iteration solution to

t
YR, 1) = Y%, 1) + f, ds f dy {uk(y, s)f—%w(y,w} @x, ¢y, 5),
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where, analogously,

Yral, ) = f

7

t
ds f dy {uk(y, s)a—}k Ui(y,8) s .23, 9).

Assembling these, it follows that
a 1 ’
=t V) Y E) )

1

, : : .
- f ds f 0y Gl ) 03, 8)) g G, 1,8) - CHY, ) 1)

t,d d G, & t
+ [ de [ay utn, 0 mity, ) 60, :3,8) oo (WD PAT. ) + o

which is a renormalized perturbation expansion uniformly convergent almost every:
where. The direct-interaction approximation is obtained when only the first two terms
areretained.

3. Lagrangian renormalization

We place the dynamics of the passive scalar field in a quasi-Lagrangian mode of
description, writing the governing equations as

{%—KVZ}‘F(X,tIt) = —ui(x,tlt)é-%‘l"(x,t]t), (3.1)
-a%ui(x,tlt) =0, (3.2)
a%‘P’(x,t]s) = —ui(x,t[t);;;‘l"(x,ﬁs), (3.3)

where, as in Kraichnan (1977), u(x,|s) is the generalized velocity, and ¥'(x, t|s) the
generalized passive scalar field. That is, if a material element passes through space-time
co-ordinates (x,t) and is observed at time s, it will have velocity u(x, ¢|s) and passive
scalar field value ¥'(x, ¢t|s). Equation (3.1) states that, when labelling time ¢ and measur-
ing time s are the same, the quasi-Lagrangian picture becomes the Eulerian picture.
Equation (3.2) is the incompressibility constraint. Equation (3.3) is a kinematic
constraint on quasi-Lagrangian field variables. In following the flow

V(x,t|s) = V(x+ 0%, t + dt|s),
which may be Taylor-expanded to
V(x,ts) ~ ¥'(x,ts) + 0x. VI'(x, t|s) + &g—t W(x,t]s).
The limit of small &t is (3.3). As in the discussion in §2, « is a constant diffusivity and

u(x, t|s) a prescribed velocity field having isotropic stationary statistics. The correspon-
ponding Green function satisfies equations

{f-xw Gx,tlt:x',t')s') = —ui(x,t]t)—?—@(x,tlt:x’,t'[s'), (3.4)
ot ox;
2C'i(x ts:x',t']s') = —u,(x t]t)—i Gx tls:x',t'|8") (3.5)
at bl ’ (A b axi 3 M b b .

A(x, t|s:x',t]s) = §(x—X'),
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t'/s
t/s
—
e
Y s/s
E
&
o
g
3
2
[
=
S’/S,

Measuring time (5)

F1cURE 1. Integration path for (3.6). s is always greater than or equal to &', whereas ¢
and ¢’ are unrestricted.

which are equivalent to the integral equation,
@(x,tls XL H[) = GOx, ts : X', t'|g)

+f8 drfdyGo(x,tjs:y,r|s'){—uk(y,rlr é% (y,r|s" :x',¢'|s' }

f drfdyGox tls:y,r|r) : ~ Uy, r|r) 3 y,rlr:x’,t’ls’)}
a?/k

+f drfdy G(x,t|s:y, r]s)!—uk(y, r]r)é? G(y, rls:x’, t']s’)},
8 k

(3.6)
where spatial integrals are definite, extending over the spatial domain, and
Gox,t[s: x',t'|s")
obeys

{-aa-t - KVZ} GOx, t|t : x',t'|8") =

é'iGo(x’ t|s:x',t'|s') = 0,

d
0 o’ Hle’y =
-——-at,G' (x,t]s:x’,t'|s') = 0.

The path integral for G(x, t|s:x’,t'|s’) is as in figure 1. The ensemble average of (3.4)
and (3.5) is

{g-t—,cw} Gx, tft: X, t’[s’)=—< (%, 10) 50 G, 1]t x5 > (3.7)

3—iG(x, tls:x', t'|s") = —<u,-(x, tlt)é;};@(x’ t|s:x/, t’js’)>, (3.8)
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where G(x,t[s:x’,t'|s") = (@(x,t{s :x’,t'[s')). We must represent
a ’ ’ 7
<ui(x,t]t)a—%@(x,t[s:x NAE: )>

as an expansion in terms of G(x,t|s:X’,#'|s’) to solve (3.7) and (3.8).
The iteration solution to (3.6) is

@(x,tls:x',t']s’) = ¥ (-1 GUx,t|s:x,t'|¢), (3.9)

Lpgs

where the ‘iterated kernel’ is defined as

Gh(x,t|s:x',t'|s") =fs drfdyG‘}(x,t{s: Y, rls") uly, 7’1")52—02-1—1'()’, rls":x’,¢'|s")
¢ k
8
+ J‘ drjdyG‘;(x,t[s 1y, rlr) uk(y,7'[r)5?—jL G-y, rlr X, t'|s")
8 k

¢
+f drfdy GYx,t]s:y,7]s) uly, r|r) 52— Gr_y_(y,r]s:x",t'|s),
s k
(3.10)
GY(x,t[s:x',t'|¢') = Q°(x,t|s X', t'|¢),

and j may take any of the values 0, 1,2, ...,n—1.
Assuming GP(x,t|s :x’,¢'|s') and u(x, t|t) (9/0x;) G (x,t|s : X', #|s) belong to the space
L,, where I = 1, 2, upper bounds are sought for the terms of each order of (3.9). The
Schwartz inequality implies that, given any functions {(, y) and 5(z, y) in the space L,

bo
et > | [ denyndy

as pointed out in Tricomi (1957). The interval [a,, b,] is a subset of the domain of {and 3
with respect to y. Equation (3.10) and the Schwartz inequality imply

2
’

(3.11)

2
{u,.(x, t|t) %Gg(x, tt:x', t’lt’)}

< fdrfdy :ui(x,t]t)ai%G‘l’(x,t}t : y,r}r)}zjdrfdy :uk(y,r[r)a—;‘G‘l’(y,r{r :x’,t’]t’)}2

< fx, ) g(x',t),
where
0 2
fix, 1) =fdrjdy {ui(x,t[t)%G‘l’(x,ﬂt:y, r]r)} ,
i
’ ’ a ? 2
o't = [ar [ ay fuy.rin - 63w rlrx o))
k ’
and time integrals are definite, extending over the time domain. The generalization
that may be induced is

{ui(x, t|t) 5% G a (X, t|E X, t’|t’)}2
{F@)—F@ )
!

1) m=1,2.), (3.12)

< fix,t)g(x',t)
and in the same manner

2 : p) EO =T )

{ui(x,tlt) a06.67"2’,L(x,t[t:x’,t’lt’)} < fix, ) h(x/, =21 (n=23,..),
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where

Fit)-P(t) = f : dar f 2y f(y.7),

2
rx', 1) = fdrfdy{uk(y,r[r)a—j- Gy, r|r :x’,t’[t’)} .
k
Similarly it follows that
0 2
{ xt[t Gznﬂxtls :x/,t'[s") }

< f(x, 88 ) ¢(x, b, s) {f(t’ s') _g"—(t',é‘l)}nvl

(n=1,2,...) (3.13a)

0 2
{ui(x, t[t) F G, (x, t|s" X/, t’|s’)}
1

{Ft,s)-Ft, )2

< Hx, b8 A8, 8) n—2)1

(n=2,3,...), (3.13b)
where

£(x,t,8) = fdrfdy {ui(x,t]t)%GQ(x,t]s' : y,r|s’)}2,
g(x’',t',8') = fdrfdy {uk(y,r[r)ai Uy, r|s' :x',t'|s") }2
fi(x',t',s) fdrfdy{ y,r[r G° (y,r|s":x',t'|s) }2

Ft,s)~-F{,s) =f drfdy[(y, r,8').
v
From the triangle inequality and the inequality of (3.11), (3.10) implies

+(X, t|t G2n+1x tt:x', t']s’)

<

(X, tlt)_@?v—. Gix, t|t: y, r|s')

w (Y, r] — ng_] y, rls 1 x', t']s")

+ (3.14)

uy(X, 8|t % Gix, t)t: y, r|r)

6
(Y, 71) 5 P G iy, rr X', t'[8")

which becomes, upon substitution of (3.12) and (3.13),

+(X, t]t 0 ngﬂx tlt:x, t'|s")

F ’ __a—'t', 'y12n—1—7) %
<l t]t) 5 G"x te:y,r|s) {(y,r,S’)y(X',t"s')[ (r’s()zn:(_;))!] } ”
F@)—F(r)y1? '
* {f(x, H 9(y, 7) %} u(y, 7|r) 5 ng_, (v, rlr:x', £]s')
The assumption

< N (l=1,2)

xt[t a GYx, ts:x', t'|s')
’l
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implies

(X, t]t G WX, X, 88| < 21N,

g 2n Nt

0
ui(x,tlt)% Sni(X, tE X, t]s")
1

When we choose j = n and assume = is even it follows that

7
ui(x,t|t)a—xi 1 (X, EE X, E']8")

in-1 N4
<[2( le]é“{f Y, 7, &) g(x', ¢, &) [F(r, )= F (', )"}
1N}
+[‘? le]é I{f&x, ) gy, r) [F(t) — F(r)]*}3]. (3.15)

The analysis of |lu,(x,t|t)(8/0x,) G(x,t|s:x',#'|s')|| and other expressions is similar.
As a consequence of the factorials in the denominators of, for example (3.15), the
expansion in (3.9) is pointwise-convergent almost everywhere. Further detail is in
appendix 2.

4. Concluding remarks

The discussion centres on the similarity which exists between the Volterra integral
equation of the second kind and the integral-equation representations of the passive
scalar field and the Green function. Primitive perturbation expansions involve itera-
tion solutions to these integral-equation representations. Corresponding reversion
expansions involve iteration solutions of these same integral-equation representations
in rearranged form. Given that elemental functions of the primitive perturbation
expansions iterated once or twice belong to the L, space, the primitive, reversion and
line-renormalized perturbation expansions converge almost everywhere. These results
and the above-mentioned similarity depend on the presence of molecular diffusivity.

The lowest-order truncation of the renormalized perturbation expansions can be
associated with the random-coupling model of Kraichnan (1961). As this is a realizable
model, the Green function has a physically acceptable behaviour. Approximations
attained by higher-order truncations may not be useful, because this kind of association
may not be possible.
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agement, and to the referees for helpful comments. This work was supported by the
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Appendix 1
From (2.7) it may be inferred that
lim GYoc —u(x,t). (x ~x') d(x—x'),

1>t

mu.VG, c —u(x,t). V{u(x,?). (x —x') dx —x")},

>t

and similarly for G§ and u.VGY. Integration by parts leads to square-integrability.

Appendix 2

Suppose that functions {(x) and 7(x) are bounded and measurable, as the elemental
functions f, g, &, ... of (3.15) are assumed to be. Then, for any interval [a, b], it follows
that

b
[ asg@rn@)| < p-al( sup g @)
a asz<bh
The ratio test implies convergence.
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